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Highlights

e All pre-transformed monomial codes
can be regarded as parity-check
monomial codes, vice versa.

e Algorithm: reduce any pre-transformation to

a parity-check transformation

e Pre-transformation preserves the code distance
for decreasing monomsaial codes.

® Pre-transformation reduce #. min. distance
codewords for certain monomial codes.

Pre-transformed monomial codes

e Monomial codes: For some subset F of
monomials over n variables,

C(F) = spani(f(w))uery - f € F} (1)

is the monomial code generated by F.

e Matrix form: The evaluation vectors of
monomials f(u)yecr; and the rows in

Hy = | “" has a 1-1 correspondence [2].
Generally, a monomial code has the form:
C={c=uHy u;=0ifj¢7T}, (2

where Z C |N| is the information set of C.
Lemma. RM codes and polar codes are
monomial codes.

* Pre-transformed monomial code [3]:
Given monomial code (2), the code

Cr={c=uTHy: u;=0ifj¢7Z} (3
is the pre-transformed code ot C by T', where
TETN:{AEngniAm:L AZ'J':O, \V/Z<]}
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Equivalence between parity-check
and pre-transformation

e Parity-check monomial codes: for code (2),
a parity-check equation of bit j € I = [N]\ I
for a bit sequence u € F5' takes the form

Uj@ @ui:(), IjC ([]-1](\1')
iEIj
This changes a frozen bit into a parity bit. A
parity-check monomial code of C takes the form
C={c=uHy u;® Pu;=0if j ¢ T}
iEIj
e Parity-check as pre-transformation:

construct S such that 5; ; = Lift ¢ = j or
(1,7) € Z; x I¢. Then S € Ty and C = Cs.

A parity-check of C can be regarded as a
pre-transformation of C.

e Define S¢ C Ty to be the set of parity-check
transform matrices w.r.t. code C:

Se={AcTy:A,;=0,Vi<j, (icIorjcI)}

A matrix § € S¢ defines a parity-check of code C.

e Theorem. Given length-N monomzal code C,
For any T € Ty, 38 € S¢ such that Cr = Cg.

e Algorithm:

Require: T € Ty.
Ensure: S € 5S¢ s.t. Cr =Cs.
1. for i € Z% do
2t (i-th row of T') < e; (i-th unit vector)

3: Initialize U < Iy (N x N identity matrix)
4. for 1 €7 do
5. ul) <tV A(j € L)7_1 (A: logical AND)

6: S=U\T (solve US =T)

A pre-transformation of C can be
regarded as a parity-check of C.

e Remark: Usually, |S¢| << |[Tw].

e.g. For (32,16)-RM codes R(5,2), |T| = 2+,
whereas |Se| = 2%

Minimum distance

e Pre-transformation increases distance:
for any length-/N monomial code C and T' € Ty,
d(C) < d(Cr) [3].

» Decreasing monomial codes [2|: impose
order ‘<’ on monomials over n variables. Code
(1) is decreasing it f € F, g 2 f =g € F.
Lemma. RM codes and polar codes are
decreasing monomzial codes.

e Theorem. Given length-N monomial code C
and any S € S¢, d(C) = d(Cg).
Idea: construct ¢ € C N Cg with wt(e) = d(C).

Pre-transformation preserves the code
distance for decreasing monomial codes.

Minimum weight codewords

e #. minimum weight codewords:
M(C)=|{ceC :wt(c)=d(C).}]
A ‘metric’ for the weight spectrum of code C.

Motivation: since d(Cg) = d(C), use this to study
the weight spectrum after pre-transformation.

o Assumptions: for monomial code (2), assume
(i) C is decreasing;
(ii) i* = min{i € Z : wt(h")) = d(C)}, then
3¢ > i, 0 € I¢ st. wt(h'Y) < d(C)
(iii) e = min{e’ € N: N —i* > 2"} A(C) =

o inin{(wi(e) = d(C))}, then A(C) > 2°

e Proposition. For code C satisfying
assumptions, 38 € S¢ s.t. M(Cg) < M(C)

e Corollary. For RM codes C = R(n, r) with
n—1>2rr>2385¢eScst. M(Cs) < M(C).

Pre-transformation improves the weight
spectrum of certain monomial codes.

1: Wireless Technology Laboratory, Huawei Technologies & The Chinese University of Hong Kong, Shenzhen *gﬁ_ &

Simulation (selected)

» PAC codes |1]: A PAC code specified by
(N, k,Z,g) is given by (3) with T being the
Toeplitz matrix generated by (g, 0) and

T =argmax{ ) wt((¢ — 1)) : |Z| =k}
i€l

Table 1:Weight Spectrum of C = (32,16,Z, (1))

0 8 | 12 16 20 | 24 132
11620 1383836018 138381620 1

Table 2:Simulation Results of C" = (32,16,Z, (1,1,0, 1))
Weight Spectrum of C' = (32,16,Z,(1,1,0,1))
0 & | 10 | 12 14 16 18 20 | 22 | 24 |32
1136412048 16720|14336 18598 14336 |6720 2048|364 | 1
Weight Spectrum of Transtormed PC Monomial Code
0 & | 10 | 12 14 16 18 20 | 22 | 24 |32
1136412048 16720|14336 18598 14336 | 6720 2048|364 | 1
Parity Check Equations

Ug D ug = 0

U D ug = 0

u13 D upp =0

U7 @ U2 @ ups D ug = 0

U1 © U O Uy O uys =0

U9 D U2 D Uy D U5 D ug =0

Uz D ugy = 0

Uos D U D Uz D ugy = 0

e Our simulation shows:
(i) the correctness of Algorithm;
(ii) PAC codes have improved weight spectrum.
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